contracts that pay 1 dollar in the event of a particular candidate winning an election. These contracts are bought and sold in the marketplace, with the idea that those with the best predictive information have incentives to enter this market, and that the equilibrium price will reflect the marginal investor's subjective probability of a particular candidate winning.
1 One appealing feature of prediction markets for tests of investor learning is the availability of high frequency data on popular opinion polls. Unlike for the case of most other markets, opinion polls allow an observer to exactly quantify the flow of information that investors receive over time on the underlying value of the asset. Furthermore, unlike in many other markets, political prediction markets have a fixed date where the true value of the asset is revealed (i.e. election day). 1 There is a growing literature on prediction markets. See for example See Wolfers and Zitzewitz (2004 , 2006 , 2007 ; Arrow, Forsythe, Gorham, Hahn, Hanson, Ledyard, Levmore, Litan, Milgrom, Nelson, Neumann, Ottaviani, Schelling, Shiller, Smith, Snowberg, Sunstein, Tetlock, Tetlock, Varian, Wolfers and Zitzewitz (2008) ; Cowgill, Wolfers and Zitzewitz (2008) , Wolfers and Zitzewitz (2007) ; Servan-Schreiber, Pennock, Wolfers and Galebach (2004) .
power of polls and prediction markers. If almost all of the information that is relevant for predicting electoral outcomes is not captured in polling, then there is little reason to believe that prediction market prices should co-move with contemporaneous polling. If, at the other extreme, there is no useful information beyond what is already summarized by the current polls, then market prices should react to new polling information in a particular way. Using both a random walk and a simple autoregressive model, we find that the latter view appears more consistent with the data. Rather than anticipating significant changes in voter sentiment, the market price appears to be reacting to the release of the polling information.
We then outline and test a simple model of investor learning. In the model, investors have a prior on the probability of victory of each candidate, and in each period they update this probability after receiving a noisy signal in the form of a poll. This Bayesian model indicates that the market price should be a function of the prior and each of the available signals, with weights reflecting their relative precision. It also indicates that more precise polls (i.e. polls with larger sample size) and earlier polls should have more effect on market prices, everything else constant.
The empirical evidence is generally, although not completely, supportive of the predictions of the Bayesian model.
I. The Relative Prediction Power of Polls and Prediction Markets
We begin by describing the broad time series patterns found in both the polling and prediction market data. For the period between June 3, 2008 and Election Day, Figure 1 (with the exception of the first) the event or how it would affect the two campaigns was unanticipated or unknown, but immediately after the fact, it was widely believed that the second event helped and the third through fifth events hurt the McCain campaign.
The figure shows no discontinuous drop in response to any of these events nor at any time throughout the June to November period. Indeed, it appears that the price series falls and rises no more quickly than the poll series, and is generally smoother throughout the period. In addition, it appears that the sharp downturn (early September) and rebound (mid-September) occur in the polls several days before a similar pattern emerges in the price data. That is, rather than anticipating these significant turnarounds, the price series appears to be reacting to the release of the polling information.
Before proceeding to our main analysis, we further explore this notion. Suppose it was believed that the Obama-McCain polling difference y t was a random walk process with error term e t distributed as a normal with variance σ 2 . Then at time t the forecast of y T is simply y t , 2 We use polling data available from the web site www.pollster.com. It lists 541 separate polls conducted by 46 distinct polling entities ranging from January 2, 2007 to Election Day, 2008 . To obtain the adjusted difference, we first expand the dataset so that each observation is at the day-polling organization level (i.e. we assign the polling result of a three-day poll to three separate observations). Then, for each candidate, we regress the percentage for a candidate on a full set of day dummy variables and dummy variables for the polling organization, where the latter dummy variables are meant to account for a polling organization effect, accounting for time-invariant differences in adjusting for likely turnout, for example. 3 August 28 th (Obama's acceptance of the nomination, followed the next day by the announcement of Sarah Palin as running mate), September 3 rd (Palin's acceptance speech followed the next day by McCain's), September 11 th (Charles Gibson's Palin interview, which was viewed as unfavorable towards Palin), September 15 th (the collapse of Lehman Brothers, and soon after, McCain's statement that the fundamentals of the economy were strong), and September 24 th (Katie Couric's 1 st Palin interview, which also received unfavorable reviews).
today's current poll. That forecast has a standard deviation v = ((T-t)σ
2 ) 1/2 ; as the date of the election nears, the contemporaneous poll becomes an increasingly better predictor of the actual Obama-McCain difference on Election Day. We take the forecasted probability of an Obama
victory at time t to be Pr[y T >0 | y t ] = Pr[y t +e t+1 +…+e T >0 | y t ] = Φ(y t /v).
4 This resulting probability could be viewed as the reservation price for someone who adopted the random walk model.
The solid circles in Figure 2 represent this predicted price series. 5 This predicted price follows the same general pattern as the actual price of an Obama victory (solid line), but in comparison it is much more variable over time. Indeed, in this perspective, one would expect the price to be sensitive to daily fluctuations in the polls.
An alternative approach is to depart slightly from the random walk model, and assume that the poll difference follows y t = α + u t , where u t is an AR(1) with autoregressive parameter ρ = 0.99. In this model, new innovations to the polling differences do persist, but eventually die 4 This must necessarily be viewed as an illustrative approximation, since the polls give forecasts of the popular vote as opposed to the Electoral College count, which determines the Presidency. 5 We estimate σ 2 using first differences in the polling difference, but treat it as known in producing the forecasted probability.
out over time. Producing forecasts and forecast standard errors, analogously to the random walk case, we illustrate the resulting predicted price series as the solid triangles in Figure 2 . In comparison to the random walk case, predicted prices in the first half of the period evolve in a much smoother way, owing to the fact that when the Election Day is very far away, the forecast is closer to the overall mean, and new innovations to the series play little role in the forecasted probability of winning. As the election nears, the forecast is closer to the contemporaneous value of y t , and new innovations play a larger role.
Overall, while the prices predicted by this autoregressive model do not exactly match, the time pattern is quite similar to the actual price series. The patterns we see in the data, at least in this presidential election cycle, are suggestive that rather than anticipating how the polling numbers might react to current events, prices are using changes in polls to update their forecast of the final election outcome. Based on these results, in the next Section we explore the empirical relevance of the extreme version of this view: that all relevant new information for predicting the outcome of the election is entirely contained by polling information.
II. New Information, Learning and Bayesian Updating
In this Section we present a simple model of investor learning, and some empirical evidence on the predictions of the model. We begin in sub-section A by proposing a version of the Normal Learning Model that is useful to characterize how investors seeking to determine the probability of victory of two opposing candidates may incorporate the flow of information that they receive from public opinion polls. Sub-section B presents three empirical tests of the predictions of the model.
A. Conceptual Framework
Suppose that there are only two candidates running for president. Let ∆ be the true difference between the number of popular votes for the Democratic candidate and the Republican candidate. Before the election, ∆ is unknown and is assumed to be normal with mean δ and precision h:
We assume that one poll becomes exogenously available in each period t, (t=1, 2, … ,T;
where T is election day). Investors receive the following noisy signal from the public opinion polls:
(2) Z t = ∆ + e t where we assume that e t is a normally distributed, unbiased, idiosyncratic noise with precision k t :
e t  N(0, 1/k t ). Since the polls have finite sample, they contain noise. The variable e t represents this small-sample noise, and we assume that its variance depends on the poll sample size, N t .
Specifically, the precision of a given poll is a function of the square root of its sample size: k ts = (N ts ) ½ , so that larger polls have larger precision. and w 1 = h/(k 1 +h). The market price in period t=1 of a prediction market security that pays $1 in case of victory of the Democratic candidate, P 1 , is equal to the conditional probability calculated in period 1 that the democratic candidate will win the election. Given equation 4, this conditional probability is
where F[ ] is the standard normal cumulative distribution function.
Equation 5 indicates that the price for the Democratic candidate security is a function of the weighted average of the prior, δ, and the signal, Z 1 . The weight w 1 reflects the relative precision of the prior relative to the signal. A more precise poll generates a more precise signal (large k 1 ), and therefore more weight is put on the signal and less on the prior (small w). When the signal is less precise, more weight is put on the prior (large w). In the extreme, if the signal had infinite precision (as in the case of a poll of infinite sample size), all the weight would be on the signal, and the prior would receive no weight.
A second interesting results is that not only a marginal shift in the public opinion polls in favor of the democratic candidate will result in an increase in the market price, but such price increase will be larger the more precise the signal (i.e. the larger the poll sample size):
This makes intuitive sense: a larger poll contains more information on the true electoral gap between the democrat and republican candidates and therefore generates a more precise signal. A more precise signal shifts the market price more than a less precise signal, everything else constant, because it leads to more updating.
In each subsequent period, a new poll becomes available. Iterating the Normal Learning Model, it is possible to show that after t periods, the conditional distribution of the difference between the number of votes for the Democratic candidate and the Republican candidate given the prior and the t signals Z 1 , Z 2 , … , Z t , f(∆ s │ Z 1s , Z 2s , … , Z ts ), is the normal N(m t , v t ) where
As before, the conditional mean m t is a weighted average of prior and each of the t signals Z 1 , Z 2 , … , Z t with weights reflecting each element relative precision. The market price at time t is therefore
In this setting, uncertainty declines in each period. Equation (9) indicates that the marginal amount of information provided by each subsequent poll is smaller and smaller so that the effect of a poll on market price declines over time:
Consider two identical signals (equal realization and equal precision). If one occurs at time 1 and the other one at time 10, the former will move the market price more than the latter.
The intuition is that in period 10 more is already known about ∆, and therefore the marginal effect on an additional piece of information is smaller. In the limit, after infinite number of periods, the true ∆ is revealed.
B. Empirical Evidence
We now test whether this simple model of Bayesian updating is generally consistent with some broad features of the data. We use data on the price of Obama and McCain winner-take-all securities from Intrade matched with data on polls. We use data for the period from January 1 st 2008 to the day before the elections, aggregated at the weekly level.
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In column 1 of Table 1 , we report the estimate of a regression where the dependent variable is the difference in the price of an Obama victory security and a McCain victory security in a given week and the independent variable is the average difference in polls between Obama and McCain for that week. Given the time series structure of the data, we report Newey-West standard errors in parenthesis, where we assume the error structure to be heteroskedastic and autocorrelated up to 3 lags.
The coefficient in column 1 indicates that a 1 percentage point increase in the relative support for Obama is associated with a 4.9 cents increase in the relative price of the Obama victory security. Note that this coefficient is not expected to be equal to 1 for two reasons. First, the dependent variable is the price of a winner-take-all security, not a security that reflects popular vote. The relationship between popular vote as measured by the polls and probability of winning is non-linear. A linear regression is necessarily an approximation that holds only for 7 Our data report the date when a poll started and the date when a poll ended, but not the exact date when it was released. To match polls to prices, we assume that it takes 2 days after a poll is completed to be released.
marginal changes in polls. Second, if the Normal Learning Model is correct, the model in column 1 omits an important variable, and is therefore likely to be biased. Equations 5 and 9 indicate that the market price in any given period should be a function not just of the polls in that period, but also of the polls in the previous periods (as well as the prior).
Table 1
Notes: Newey-West standard errors in parenthesis. The error structure is assumed to be heteroskedastic and autocorrelated up to 3 lags. The dependent variable is the difference in the price of an Obama and McCain winner-take-all security from Tradesport (scale 0 to 100). "Polls t " is the average difference in polls between Obama and McCains in week t (scale 0 to 100). "N t " is the aggregate sample size of polls in week t (in thousands of respondents). "(Weeks to elections) t " is the number of weeks left before election day. Sample size is 45 weeks.
In column 2, we report the estimate of a model that includes both the difference in polls A second testable prediction of the Bayesian model is that polls with larger sample size should affect prices more than polls with smaller sample size, holding constant the poll outcome (equation 6). In other words, take two polls that predict the same a margin of victory for the Democratic candidate. If the first poll has larger sample size than the second poll, the first poll should result in a larger price increase than the second poll. Consistent with this prediction, column 3 indicates that the interaction between poll outcome and poll size, N t , (measured in thousands of respondents) is positive. This is true both for the current poll and for the lagged polls. At the bottom of the table we show that the main effect of polls and its interaction with sample size are jointly statistically significant. Since the average aggregate poll size in a week is 2,518 the effect of a one percentage point increase in relative current polls raises market price on average by 1.257 percentage points (1.257 = .011 + .495*2.518).
A third prediction of the model is that uncertainty should decline over time, so that the marginal effect on prices of the latest signal should becomes smaller over time (equation 10). In column 4, we include the interaction of current polls outcomes and the number of weeks left before the election. Contrary to the prediction of the model, the coefficient is negative, suggesting that polls closer to the election have more of an impact on prices that earlier polls.
